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Capital Taxation : Chamley-Judd Revisited

Introduction

Capital taxation

I Classic question : Should we tax capital income?

• Two common rationales :
1. reduce distortionary labor taxes
2. redistribution

• But : potentially large efficiency costs

I Two benchmark models : Chamley (1986) and Judd (1985)

I Both : zero tax on capital is optimal on the long-run (steady-state)

• Framework and assumptions questioned...
• Still, Chamley-Judd remains an important benchmark...

I This paper – Straub-Werning – revisits their result
... using their own model
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Capital Taxation : Chamley-Judd Revisited

Introduction

Chamley-Judd
I Chamley (1986)

• Trade-off : lower labor taxes vs efficiency
• Representative agent
• Intertemporal government budget

I Judd (1985)
• Trade-off : redistribution vs efficiency
• Workers and Capitalists
• Balanced budget

I Straub-Werning revisits their result ... using their own model
• Show results / proofs incomplete
• Preferences : overturn conclusions when IES < 1 !

I Main issues :
• Related to the convergence (or not) to interior steady-state for

quantities and multipliers.
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Capital Taxation : Chamley-Judd Revisited

Judd (1985) : capitalist and workers

Setting : Capitalists

Judd (1985) – Capitalist and workers
I Two class economy without government debt :

• Capitalist save and consume Ct, utility U(Ct) =
C1−σ

t
1−σ

• Workers work and consume (hand-to-mouth) ct, utility u(c))

I Capitalists’ problem

max
{Ct,at+1}

∞∑
t=0

βtU(Ct)

Ct + at+1 = Rtat at+1 ≥ 0

Rt = after-tax interest on capital, at = wealth of capitalists

I First order optimality :

U′(Ct) = βRt+1U′(Ct+1)

βtU′(Ct)kt+1 → 0
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Capital Taxation : Chamley-Judd Revisited

Judd (1985) : capitalist and workers

Setting : Other relations

I Resource constraint

ct + Ct + g + kt+1 ≤ f (kt) + (1− δ)kt

I Neoclassical technology :
• Before-tax interest : R∗t = f ′(kt) + 1− δ
• Wage : wt = f (kt)− f ′(kt)kt

I Government : balanced-budget

g︸︷︷︸
gov. expenses

+ Tt︸︷︷︸
transfers to workers

= (R∗t − Rt)kt︸ ︷︷ ︸
taxed capital

I Workers : ct = wt + Tt
I Market clearing : at = kt

⇒ First order optimality + market clearing + (capitalist) budget
constraint = Implementability constraint
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Judd (1985) : capitalist and workers

Planner’s problem

Social planner’s problem
I Primal approach : Maximize weighted sum of utilities :

• Aim : redistribution from capitalist to workers : low γ (= 0).

max
∞∑

t=0

βt {u(ct) + γU(Ct)}

ct + Ct + g + kt+1 = f (kt) + (1− δ)kt (1)

β U′(Ct) (Ct + kt+1) = U′(Ct−1)kt (2)

βtU′(Ct)kt+1 → 0 (3)

• λt Lagrange multipliers on ressource constraint : eq. (1)
• µt Lagrange multipliers on Implementability : eq. (2)
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Judd (1985) : capitalist and workers

Review of Judd (1985) result

Planner’s First-Order conditions
µt on Implementability, λt on ressource, κt = kt/Ct−1,
υt = U′(Ct)/u′(ct)

µ0 = 0

µt+1 − µt =

(
σ − 1
σκt+1

)
µt +

1
βσκt+1υt

(1− γυt)

u′(ct+1)

u′(ct)
(f ′(kt+1) + 1− δ) = 1

β
+ υt(µt+1 − µt)

I Judd (1985) studies interior steady state
• for allocation + multipliers
• ct = c > 0, Ct = C > 0, kt = k > 0, µt = µ
• Last FOC ⇒ R∗ = 1/β
• Capitalists’ Euler ⇒ R = 1/β
• Hence : Zero capital tax !

... or not?
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Judd (1985) : capitalist and workers

Review of Judd (1985) result

Taxation results : Judd, 1985 and Lansing, 1999
I Thm 1 (Judd, 1985) If quantities and multipliers converge to an interior

steady state – i.e. ct,Ct, kt converge to positive values and µt converge, then the

tax on capital is zero in the limit : Tt = 1− Rt
R∗

t
→ 0

I Logarithm Utility : Assume σ = 1 : U(C) = log(C)

⇒ Constant saving rate β.

Ct = (1− β)Rtkt kt+1 = βRtkt =
β

1−β Ct

• Substitute out Ct, and redistribute γ = 0, you obtain :∑∞
t=0β

tu(ct) s.t. ct +
1
β kt+1 + g = f (kt) + (1− δ)kt

⇒ Neoclassical growth model ! (with higher cost 1
β

of capital).

• Prop 1 : Planner FOC : R∗ = 1/β2 ; Euler R = 1/β, and
capital tax T = 1− β
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Judd (1985) : capitalist and workers

New results : revisiting taxation results

Overturning the results – Straub - Werning

I Why positive tax?
• Multipliers do not converge (Reinhorn, 2002)
• Extend to γ 6= 0 (Lansing, 1999),
• Specific to log?

No! ... for all σ ≥ 1 !

I Prop 2 If σ ≥ 1 and γ = 0, then, no solution of the planning
problem converge to the zero-tax steady state, or any other interior
steady state

I Prop 3 If σ ≥ 1 and γ = 0, then any solution of the planning
problem converge to the non-interior steady state : Tt → Tg > 0

I Extension : generalize to
1. Ad-hoc saving function S(Rtkt,Rt+1, ...)
2. γ 6= 0 but redistribution toward workers
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Judd (1985) : capitalist and workers

Intuition and numerical example

Intuition and numerical example
I Intuition for increasing slope of capital tax :

• Incentivize capitalists to save
• Announce forever increasing tax
• If IES < 1 : capitalist increase saving (income effect > substitution)

I Left graph : capital stock kt, right graph : wealth tax Tt

100 200 300
0

1

2

100 200 300

2 %

4 %

6 %

8 %

10 %

0.75 0.9 0.95 0.99 1.025 1.05 1.1 1.25

Figure 1: Optimal time paths over 300 years for capital stock (left panel) and wealth taxes
(right panel) for various value of σ. Note: tax rates apply to gross returns not net returns,
i.e. they represent an annual wealth tax.

zero-tax steady state. Our numerical method is based on the Bellman equation (4) and is
described in the appendix.

To clarify the magnitudes of the tax on wealth, consider an example: if R∗ = 1.04 s so
that the before-tax net return is 4%, then a tax on wealth of 1% represents a 25% tax on
the net return, a tax of 4% represents a tax rate of 100% on net returns, etcetera.

A few things stand out in Figure 1. First, the results confirm what we showed theoret-
ically in Proposition 3, that for σ > 1 capital converges to kg = 0.0126. In the figure this
convergence is monotone12 and relatively steady, taking around 200 years for σ = 1.25.
The asymptotic tax rate is very high, approximately 1 − R/R∗ = 85%, and outside the
figure’s range. Of course, this implies that the before-tax return R∗ = f �(kg) + 1 − δ at kg

is exorbitant, because the after-tax return is still R = 1/β.
Second, for σ < 1, the path for capital is not monotonic13 and eventually converges to

the zero-tax steady state and the tax rate converges to zero. However, the convergence is
relatively slow, especially for values of σ near 1. This makes sense, since, by continuity,
for any period t, the solution should converge to that of the logarithmic utility case as
σ → 1.14 By implication, for σ < 1 the rate of convergence to the zero-tax steady state
must be zero as σ ↑ 1. To further punctuate this point, Figure 2 shows the number of
years it takes for the tax on wealth to drop below 1% as a function of σ ∈ (1

2 , 1). As σ rises
it takes longer and longer and as σ ↑ 1 it takes an eternity.

The logarithmic case leaves other imprints on the solutions for σ �= 1. Returning to

12This depends on the level of initial capital. For lower levels of capital the path first rises then falls.
13This is possible because the state variable has two dimensions, (kt, Ct−1). At the optimum, for the same

capital k, consumption C is initially higher on the way down than it is on the way up.
14Recall that, by Proposition 1, the logarithmic solution converges to positive taxation as t → ∞.

13

I Red : IES < 1 : non-interior steady state, 85% long run tax.
I Blue : IES > 1 : interior steady state, 0% tax (Judd result)
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Chamley – government optimal policy

Chamley (1986)

I Model overview
• Representative agent
• Optimal tax policy (labor taxes/capital taxes) and government debt
• Koopmans’ recursive utility V(Ut,Ut+1, . . . ) = W(Ut,Vt+1).
• Bound on capital tax : non-confiscatory constraint Rt ≥ 1

I Main results :
• Chamley : zero capital tax
• Revisiting : add assumption : if ”steady state is interior” and

”constraint is asymptotically slack”
. If non separable, then τk → 0 and either first best or tax base is zero
. Separable utility : If IES < 1 then constraint may bind forever τk = τ̄

• Moreover : need to look at the transition path !

I Judd (1999) : Straub-Werning also revisit consumption tax analogy
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Takeway

Conclusion – takeaways

I Revisit Judd-Chamley models
• If IES > 1 : zero long-run capital taxation
• If IES < 1 : can have positive long-run capital taxation

I Methodological : Think twice before making assumptions on
endogenous multipliers
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